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» construction of space—time adaptive solutions of partial differential
equations

» unified analysis of space—time finite and boundary element methods

» solvability of time dependent partial differential equations in Bochner
spaces and in anisotropic Sobolev spaces

> a posteriori error estimates and space—time adaptivity
> parallel iterative solution methods and preconditioners

> stable space—time variational formulations for time—dependent partial
differential equations and finite element methods

Bl O Steinbach Ostrava, 17.12.2018
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Ty

Dirichlet boundary value problem for the heat equation

adu(x,t) — Acu(x,t) = f(x,t) for (x,t) € Q:=Q x (0, T),
u(x,t) = 0 for (x,t) e L:=T x (0, T),
u(x,0) = 0 for x € Q.

Find v € L(0, T; H3(2)) N Hg (0, T; H~1(K2)) such that

T T
/ / [a&tu(x, t)v(x, t)+Vyu(x, t)-Vev(x, t)] dxdt = / / f(x, t)v(x, t)dxdt
0 Ja 0 Ja
is satisfied for all v € L2(0, T; H}(Q)).

Bilinear form

a(u,v) = /OT/Q [a@tu(x, t)v(x, t) + Viu(x, t) - Vev(x, t)|dxdt

= /T/ [a@tu(x, t) — Ayu(x, t)] v(x, t) dxdt
0o Ja

Bl O Steinbach Ostrava, 17.12.2018
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Ty

Quasi-static Dirichlet problem for u € L*(0, T; Hz(2)) N Hg (0, T; H~1(Q))

—Aw(x,t) = adru(x,t) — Acu(x,t) for (x,t) € Q,
w(x,t) = 0 for (x, t) € X.

Find w € L2(0, T; H}(Q)) such that

/OT/QVXW(X, t)-Vv(x, t) dxdt = /OT/Q [Oﬁtu(x, £)—Axu(x, t)| v(x, t) dxdt

is satisfied for all v € L2(0, T; H3(Q)).

Lemma
|adeu — AXU”%Q(O,T;H*(Q)) = ||WHi2(0,T;H5(Q)) = a(u, w)
Corollary
a(u,v)
a0 — AxU||L2(o,T;H—1(Q)) < sup ||V||—’
0#£veL?(0,T;H () L2(0,T;H; (2))
Bl O Steinbach Ostrava, 17.12.2018
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Norm
ladeu — Dxullfzo 1)) = IWliEao, 7m0y = a(u,w)
= /OT/Q [a@tu w+ V,u- VXW} dxdt
< [”aaquL?(O,T;H—l(Q)) + ||u||L2(0,T;HC}(Q))} ||W||L2(O,T;H[}(Q))
< V2 [”aatu”%Z(O,T;H*l(Q)) + ||U||i2(o,T;Hg(Q))T/2 Iwlli20, 712 0)
i.e.

[|adeu — AXUH%?(O,T;H—l(Q)) <2 [\|a5tu\ﬁ2(0,r;H—1(9)) + ”uH%?(O,T;Hg(Q))

Bl O Steinbach Ostrava, 17.12.2018
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Norm

||cdru — A“HL?(OTH )y = alu,w)= u)+ a(u,w — u)

/ / adiuu+ Vyu-Vy udxdtJr/ /V w - Vi(w — u)dxdt

Ty + Vbl + 19500~ oy + [ T Vo~ )

||VXUHL2(Q) + [[Vi(w — U)||L2(Q) - HVXU”LZ(Q)HVx(W - U)HL?(Q)

1
5 [1Vxtlg) + 19w = ) 2 )]

% ||

Y

=3 [HO‘atU”%?(OI;H—l(Q)) + Hu”i2(o,T;Hg(Q))}

Bl O Steinbach Ostrava, 17.12.2018
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Norm equivalence

1
2 [Haatu”%Z(O,T;H*l(Q)) + ||u||i2(07T;H&(Q)):| < ||adru— AXUH%Z(O,T;HA(Q))

<2 Ho‘atUHiZ(OI;H—l(Q)) + ||u||%2(07T;H&(Q))

Lemma

< sup a(u, v)

1
—= /120eull a0 11y + Ul f20. 7, T
\@ \/ L0, THH) L2(0, T3HG (@) 0£vEL2(0, T;HE()) ||V||L2(0,T;Hg(Q))

[Schwab, Stevenson 2009; Urban, Patera 2014; Andreev 2013; Mollet 2014; OS 2015; ...]

Bl O Steinbach Ostrava, 17.12.2018
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For v € L2(0, T; H}(£2)) define
t
u(x, t) ::/ v(x,s)ds forxeQ, tel0,T]
0
and compute
-
A, v) = / / [0ei(x, H)v(x, £) + Vadi(x, £) - Viv(x, )] et
o Ja

;
- /O /Q[a[atﬂ(x, )2 + Vi ii(x, t) - V,deu(x, t)} dx dt

_ 1 -
« ||atUH%2(Q) + = HVXU(T)”%%Q) >0
2

Bl O Steinbach Ostrava, 17.12.2018
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Find u € L2(0, T; H3(2)) N H3.(0, T; H~1(€2)) such that

/OT/Q [a@tu(x, t)v(x, t)+Vu(x, t)-Viv(x, t)]dxdt:/oT/Q f(x, t)v(x, t)dxdt

is satisfied for all v € L2(0, T; H}(Q)).

Theorem
The above variational problem admits a unique solution u.

Bl O Steinbach Ostrava, 17.12.2018
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Finite element spaces

Xp C X = L[*0,T;Hy(Q) N Hy (0, T; HH(RQ))
Yo CY = [0, T;Hy(Q)
Assumption
Xh C Yh
Consider
Xn=Yh

Find u, € Xp such that

/OT/Q [a@tuh(x7 t)Wh(x, £)+Vtp(x, t)- Vi vip(x, t)} dxdt = /OT/Q f(x, t)va(x, t)dxdt

is satisfied for all v, € Y},

Bl O Steinbach Ostrava, 17.12.2018
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Find w € Y = L%(0, T; H}(Q)) such that

T T
/ / Vaw(x,t) - Vyv(x, t)dx dt = / adeu(x, t)v(x, t) dx dt
o Ja 0
is satisfied for all v € Y.

Find w, € Y} such that

T T
/ / Vwn(x, t) - Viva(x, t) dx dt = / adru(x, t)vp(x, t) dx dt
o Ja 0

is satisfied for all v, € Y.

Norms
lulli = ladeullfzo,7m-1()) + ||U||f2(o,T;H3(Q))
2 2
= Wl rmp) + 14l mme)
2 2 2
lullx, = ||WhHL2(o,T;Hg(Q)) + ||“||L2(0,T;H5(Q))
Bl O Steinbach Ostrava, 17.12.2018
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Theorem

a(up, v
sup M for all up € X,

1
—= llunllx, <
2V2 "7 0tweY, ||Vh||L2(o,T;Hg(Q))

Proof: Due to X, C Y}, we have up + wy, € Y}, satisfying

lun + WhHi?(O,T;Hg(Q)) <2 ”uh”i?(O,T;Hg(Q)) + HWh”%?(O,T;H,}(Q)) = 2||unll%,
Then,
a(up, up +wp) = alup, up) + a(up, wy)

«
a(up, up) = 5 lun(T)I72() + HUh“i?(O,T;H[}(Q))

Bl O Steinbach Ostrava, 17.12.2018
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Ty

-
a(up,wp) = / / [oﬁtuh(x7 YWh(x, t) + Viun(x, t) - Vewn(x, t)| dx dt
o Ja

T T
= / / VWh(x,t) - Vewn(x, t) dx dt + / / Vun(x, t) - Vyewp(x, t) dx dt
o Ja o Ja

> ||Wh\|fz(o,T;Hg(Q)) = llunll 2o, ;1)) [IWall 20, 712 0)

a(up, up + wy) >

> ||uhHi2(0,T;Hé(Q)) + ||Wh||i2(o$T;H3(Q)) - H“h||L2(0,T;H3(Q))||Wh||L2(o.,T;Hg(Q))

> L o~ + [ WalPore e
=9 hlli2(0,T;H (Q)) hll2(0,T;HE(9))

1, 1
=5 | unllx, > oA [[unllx, lun + w20, 7:H2 ()

Bl O Steinbach Ostrava, 17.12.2018
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Iheorem
u—u <5 inf |lu—z
” h”Xh 2EX) ” h”X

Finite element spaces (pw linear, continuous)

Xp=Yy= Sﬁ(Qh) NnX

Theorem
[u = unll20,7:H1@)) < € hlulkeq)

Bl O Steinbach Ostrava, 17.12.2018
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Find u € L(0, T; H3(2)) N H (0, T; H~(K2)) such that

/OT/Q [a@tu(x, t)v(x, t)+Vu(x, t)-Viv(x, t)] dxdt = /OT/Q f(x, t)v(x, t)dxdt

is satisfied for all v € L2(0, T; H3(Q)).

Operator

L L3(0, T; Hg(Q)) N Ho (0, T H7H(RQ)) — [L2(0, T: Hy ()]

Bl O Steinbach Ostrava, 17.12.2018
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Adjoint variational formulation to find u € L3(0, T; H3(Q)) such that

/ / u(x, t)adiv(x, t)+Viu(x, t)-Vev(x, t)] dxdt—/ / x, t)v(x, t)dxdt

is satisfied for all v € L2(0, T; H3(R)) N H(0, T; H-Y(R)).

Operator adjoint formulation

L: 120, T; Hy(Q)) — [L2(0, T; Hy(Q)) N HG(0, T; H 1))
Operator primal formulation

L: %0, T; Hy()) N Hy (0, T; HH(K)) — [L(0, T; Hy ()]
Can we define

L L2(0, T; HA(Q)NHy2(0, T; L2(R2)) — [L2(0, T: HE(Q))NHY (0, T; LA()))’

Bl O Steinbach Ostrava, 17.12.2018
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Model problem
J(t)=1f(t) forte(0,T), u(0)=0

Primal variational formulation: Find u € Hg (0, T) such that

a(u, v) —/T u (£)v(t) dt—/Tf(t)v(t) dt forall v € 12(0, T)
Lemma

a(u,v) < |t |20, Ivllizo, 7y forallue Hy (0, T),v e L0, T)

vl 207y < sup _alw,v) for all u € H3 (0, T)
0#vEL2(0,T) ||VHL2(0,T) ’
vz, 1) < sup _alwy) for all v € L%(0, T)

ozuer (0,7) 1Vl 20,m)

Bl O Steinbach Ostrava, 17.12.2018
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Primal variational formulation: Find u € Hj (0, T) such that

a(u,v):/o u’(t)v(t)dt:/o F(E)v(t)dt for all v € 12(0, T)

Solution operator
Bi: Hy (0, T)— L*(0,T)

Dual variational formulation: Find u € L2(0, T) such that
T T
/ u(t)V (1) dt:—/ F(t)v(t)dt for all v € HA(0, T)
0 0

Solution operator
Bo : L*(0, T) — [H(0, T)I

Question
B, : [L%(0, T), H§ (0, T)]s — [[H(0, T))', L2(0, T)]s fors € (0,1),s = %

Related work: [Fontes 1996; Langer, Wolfmayr 2013; Larsson, Schwab 2015]

Bl O Steinbach Ostrava, 17.12.2018
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Solution operator
Bi: H3 (0, T) — L*(0,T)

Adjoint operator
By : L*(0,T) — [Hy (0, T))

(u, Biv)i200,7) = (Biu, v) 1201y forallue Hy (0, T),v e L?0,T)

Define
A:=B{B; : H; (0, T) — [H.(0, T)I

Eigenvalue problem

Au = Au
-
(Au,v) 20,1y = (B1u, B1v) 20,7y = / Oru(t)0rv(t) dt = )\/ u(
0
—u"(t) = du(t) forte(0,T), u(0)=0, (T) =

vk(t):sin<g+kﬂ)%, A = ;2(2+k7r>, k=0,1,2,3,...

Bl O Steinbach Ostrava, 17.12.2018
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ue H&(O7 T)
> t 2 (T T
u(t):Zuksm (f—s—kw)?, ug = u(t)sin (f—i—kw)—d
k=0 0
Time derivative
1 & s ™ t
—_ / _— P J— JR—
(Bru)(t) = u/(t) = Tkz_ouk(2 +k7r) cos(2 +k7r> =
1 (TS t
<B]_IJ7 V>L2(O,T) ? kz Uk(a + kﬂ') COSs (* + kﬂ') 7 V(t) dt
:7ZZukw(§+kw)/ COS(*-i-kﬂ')? cos(z—i—&r)—dt
k=0 £=0 0
_1 = 2(T _ 2
=3 2 k(5 k) = Wl
if we choose (t) = i (z iy )L
v(t) = Uy COS 5 T =

Bl O Steinbach Ostrava, 17.12.2018
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Transformation operator

(Hru)( Zukcos( +k7r) Zuksm( +k7r)%

Lemma
Hr o H; (0, T) = HH(0, ), [[Hrullksyo,m) = llullkg 0,7)

Inverse transformation operator

N t
t)—;vk&n( +k7r> kacos( +k7r)T

Lemma

OMru=—H7'0u

Bl O Steinbach Ostrava, 17.12.2018
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Proof: Consider first ¢ € C°°([0, T]) with ¢(0) = 0:
S T
:%SﬁkSin <<72r+k7);)’ @k:%/o o(t)sin ((g*kﬂ;) dr
(Hre)( Z@k cos (( + kﬂ) ;_)
O(Hre)(t) = Z ( +k7r) sin <(72T+k7r)7t_> .

k:

o0

ol = 73 (5 k) cos (5 4 47) 7 )
(700 = 2.3 4 (5 k) s (5 k) ).

OcMre = —H7 Owp  forall p € C([0, T]) with ©(0) = 0.

Bl O Steinbach Ostrava, 17.12.2018
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Lemma: For u € H&/Q(O, T)and w € H710/2(0, T) we have

(Hru,w) iz, = (U, H7 w) 20,7
u(t):iuksin <(72T+k7r)7t_>, w(t)—iwtgcos((g—&—&r);_),
=0

]
Hru,whisen = / (Hru)(t)w(t) dt

=SS uw [ cos (54 kr) ) cos (G en) 4 ) o

k=0 ¢=0
TSN e L T t
:2§ukwk:kz_%[z_;ung/o sin ((2+k77>7_> sin ((2 +€7r> T) dt
T

Bl O Steinbach Ostrava, 17.12.2018
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Lemma
OMru=—H7'0u
Lemma
(Hru,w)ize,m) = (u, 7' Wiz, 1)
Corollary
(Oru, Hrv)(o,1) = (HTU,0:v)(0,7)
Bl O Steinbach Ostrava, 17.12.2018
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Lemma
Proof:

(viHTV)12(0,7)

(v, H1v)eo,my >0 forall0#ve Hé{z(O, T)

T [o o o}
722 V2iV2j + V2i+1V2j+1
4 2i+2j+1  2i+2j+3

Bl O Steinbach

Ostrava, 17.12.2018
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Lemma

(7_Lx>u)(t)_l/0Oo u(s) 2s

Ss—ts+t

— Hilbert transformation
— Construction of optimal test functions [Demkowicz, Gopalakrishnan 2011]

Bl O Steinbach Ostrava, 17.12.2018
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Model problem
u(t)="f(t) forte(0,T), u(0)=0
Variational formulation: Find u € Héj/z(O, T) such that
(Oru, v)(o,1y = (f,v)o,1) forallve H,10/2(07 T)
Variational formulation: Find v € Hé/z(O, T) such that

(O, Hrv)ory = (F HTV)o ) forallve Hy/?(0,T)

Theorem
1/2
(Oeu, Hru)o,1) = \|U\\i,3{2(07T) for all u e Ho,/ (0, 7)
Corollary
Oru, v
HUHH1/2(O T) < sup w forallu e Hé/2(0, T)
0, ’ X

0£veH{*(0,T) ”"HH?O“(OJ)

Bl O Steinbach Ostrava, 17.12.2018
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Galerkin FEM: Find uy € Vj := S}(0, T) N Hy/?(0, T) such that

(Orun, H1vi)0,1) = (FL HTVh)(0,T)

Linear system

th = £7

Numerical example: u(t) = 8t> — 8t% + 2t, t € (0,1)

Ky =K, >0

for all v, € V,

L N Jlu—uplliz eoc o' —uplliz eoc  Amin Amax K2
0 2 1949-1 2.196 0.417 0.960 2.30
1 4 43662 220 1.152 0.93 0.284 1.117 3.93
2 8 1.018-2 2.10 5.790 -1 099 0.169 1.128 6.68
3 16 2.440-3 2.10 2.893 -1 1.00 0.091 1.133 12.38
4 32 5964 -4 2.00 1.445-1 1.00 0.047 1.134 23.89
5 64 14744 2.00 7.222-2 1.00 0.024 1.134 46.96

Bl O Steinbach

Ostrava, 17.12.2018
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Model problem (x> 0)
u'(t) + pu(t) =f(t) forte(0,T), u(0)=0
Variational formulation: Find u € Hé/2(0, T) such that
a(u, v) := (Oru, v)o,1) + 1, v) 20,7y = (f, v)(0,7) forallve H710/2(0, T)
Theorem

a(u, Hru) = (Oru, Hru)o,1) + (U, HTU)1200,7) = ||u||zé/z(0’T)

Galerkin FEM: Find uy € Vi := S}(0, T) N Hy/?(0, T) such that

(Ocun, Hrvi)o,1) + (Un, HTvi) 20,1y = (F, HTVh)o,7) forall vy € V)

Bl O Steinbach Ostrava, 17.12.2018
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Numerical example (= 1)

L N Jlu—upll;z eoc |Ju'—upll;z eoc  Amin Amax Ko
0 2 1.947-1 2.225 0.549 1.068 1.93
1 4 43622 2.20 1.155 0.95 0.390 1.126 2.84
2 8 1.017 -2 2.10 5.794 -1 1.00 0.236 1.131 4.68
3 16 2.439-3 210 2.894 -1 1.00 1.289 1.133 8.59
4 32 5.0963 -4 200 1.445-1 1.00 0.067 1.134 16.56
5 64 1.473-4 2.00 7.222 -2 1.00 0.034 1.134 3258

Basis functions ¢k, H 1ok

Bl O Steinbach

Ostrava, 17.12.2018
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Find u € Hy/?(0, T) such that
(Oeu, Hrv)o, 1) + 1w, Hrv)izo, 1) = (. HTv)0.7)

is satisfied for all v € Hé’/2(0, 7).

Lemma: For f € [H$10/2(0, T)] we have

T & f
2 k
u S - )
| HL2(0,T) 2 k;) p2 + %(% + k)2
where 5
_ t
fr:= 7<fa Wk>(0,T)a w(t) := cos ((Z + kﬂ-) T> ’
. RS Ostrava, 17.12.2018
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=
~
SN—
I
Nﬂ

oo
ets=1) g / e"* cos ays ds e M,
k=0

- =
= Z i [ak sin axt + 1 cos agt — ue‘“t} a = 1 (I + kw)
— w2+ a2 ' T\2
2 _ 1 —2uT k
lltory = 5 Z g [t e (X
k=0 k
%) 2
2 Z 2 + a

Bl O Steinbach Ostrava, 17.12.2018
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Lemma
e’} —=2
T f
lulZz0,m) < 5 . :
(0,7) 2,(:0M2+%(§+k77)2

Remark

ISR -2
2 2
lullfzo,my < > (5 + kW) Fo = Il o0, my

k=0
For f € L2(0, T):
2 T« .
||U||L2(o T) TZ 2 ||f||L2(o ) & M||U||L2(0,T) < Hf||L2(0,T)-
k=0
Bl O Steinbach Ostrava, 17.12.2018
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Ty

Dirichlet boundary value problem for the heat equation

adru(x, t) — DAju(x,t) = f(x,t) for (x,t) € Q:=Q x (0, T),
u(x,t) = 0 for (x,t) € X :=T x (0, T),
u(x,0) = 0 for x € Q.

Find u € Hyp/® 1= L2(0, T; H}(R)) x Hy/?(0, T; L3(R)) such that

/0 ' /Q [aBeu(x, )V(x, )+ Vt(x, ) Vv (x, t) | dedt = /0 ' /Q F(x, £)v(x, t)dxdt

is satisfied for all v € H1 1/2 = L2(0, T; H}(Q)) x H,10/2(07 T; [2(Q)).

Theorem
a(u, v)
< sup

Sl e e
2 oo, (@) 0£veHLY?(Q) ||VHH3;%/2(Q)

Bl O Steinbach Ostrava, 17.12.2018
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Theorem The variational formulation implies an isomorphism

L: Hyp2(Q) = [Hy 4 (Q)),

satisfying
1,1/2
lull a2y < 21Lull oy forallue Hoo/?(Q).-
Proof: Write
=33 vt Z Ui(t)gi(x),  Ui(t) =D uikvi(t)
i=1 k=0 k=0
with norm
(o)
6y = 3 (10107 + il )
o i=1

It remains to find U; € Hy/?(0, T) such that
(0eUj, Viory + 1i(Ujs Ve, = (6 Vi, fi(t) = (F, d))a
is satisfied for all V € H*(0, T).

Bl O Steinbach Ostrava, 17.12.2018
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Then,
1Ulpe0ry = (@UpHrUpom

T)
0:U;, H1Up)o,1) + (U, H Uj) 12(0,7)
(i, HrUp)o,T) -

IN

For M € N we define
M
mx: t) = Ui(t)e;(x)
j=1

and we conclude

M M
HuMHilé/z(O,T;LZ(Q)) = Z H(jJHiIé/? Z HTU (0 T)
’ j=1 ’ j=1

- /oT /Q Fix, )it Z Uj(t)oj(x) dx dt

< ey 1M umall sz 7y = I1F sz gy lumllpparege 1y -

Bl O Steinbach Ostrava, 17.12.2018
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O0:Ui(t) + pUi(t) = fi(t) forte(0,T), U;(0)=0.
T [

U,' 22 <L ik

|| HL (0,T) = 2 kz::oﬂ2+%(g+kﬂ—)2

Hence we obtain

M oo
T —2
HUM”iZ(o,T;Hg(Q)) = ZM:HU ||L2 07 = B ZZ 2+ fik
i=1 i=1 k=0 TS +km)? +k )?
M o~
SR D D) I Y R
i=1 k=0 Hi + T(% +k7r) (el ()
where we have used
b 2
2 < at = for0 < a,beR.

a?+b2 7 La+b? a+b

Bl O Steinbach Ostrava, 17.12.2018
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With this we have

2 _ 2 2
HUM”H;;’O{/Z(Q) - ||UMHH3‘/2(O,T);L2(Q) =+ ||UMHL2(0,T;H5(Q))

IA

¥l 1wl my + 2 W gz oy
and therefore
lumllpraregy < 2 Ml oy

follows for all M € N. Since the sequence {HUM||H1,1/2(Q)}M€N is increasing
0,0,

and uniformly bounded, the assertion follows for M — oco.

Bl O Steinbach Ostrava, 17.12.2018
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Galerkin FEM: Find uj, € V4 := QH(Q) N Hé;’ol’/z(Q) such that
<8tuh,HTVh>Q + <VXU/—,,VXHTV;,>L2(Q) = <f,HTVh>Q for all vy € Vh

Numerical example

5
u(x,t) =sin Tﬂ-t sinmx for (x,t) € (0,1) x (0,2), a=1

Ny dof hy h llu— upll;2 eoc  |u— up|p eoc
2 2 0.50000 1.0000 0.91080 4.48436

4 12 0.25000 0.5000 0.15774 2,50 1.89083 1.20
8 56 0.12500 0.2500 0.02936 240 0.84239 1.20
16 240 0.06250 0.1250 0.00689 2.10 0.41495 1.00
32 992 0.03125 0.0625 0.00169 2.00 0.20679 1.00

w =
Mo\oo-hr\)xz

Bl O Steinbach Ostrava, 17.12.2018
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» coercive space-time FEM

>

>
>
>

modified Hilbert transformation for arbitrary meshes
stable pairs of ansatz and test functions

adaptivity simultaneously in space and time

parallel iterative solution and preconditioners

» space—time BEM in trace spaces

>

>

v

v

mapping properties of boundary integral operators
Calderon system of boundary integral equations

space—time BEM/FEM coupling

applications
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» moving geomtries (Lobe pump)
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